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Abstract 

In this paper we expose on the dual 1-jet space J^*(R, M*) the dis- 
tinguished (d-) Riemannian geometry (in the sense of d-connection, d- 
torsions, d-curvatures and some gravitational-like and electromagnetic- 
like geometrical models) for the {t, a;)-conformal deformed Berwald-Moor 
Hamiltonian metric of order four. 
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1 Introduction 

The geometric-physical Lagrangian or Hamiltonian Berwald-Moor structure ( [1] , 
[7]) was intensively investigated by P.K. Rashevski ([13]) and further funda- 
mented and developed by D.G. Pavlov, G.I. Garas'ko and S.S. Kokarev ([TT]. 
0, [12] )• In their works, the preceding Russian scientists emphasize the impor- 
tance in the theory of space-time structure, gravitation and electromagnetism 
of the geometry produced by the classical Berwald-Moor Lagrangian metric 



F : TM ^ M, F{y) = ^y^y^...y^, n > 2, 

or by the corresponding Berwald-Moor Hamiltonian metric 

H : T*M ^ R, H{p) = ^piP2...Pn- 

In such a perspective, according to the recent geometric-physical ideas proposed 
by Garas'ko ([5]): we consider that a distinguished Riemannian geometry (in the 
sense of d-connection, d-torsions, d-curvatures and some gravitational-like and 
electromagnetic-like geometrical models) for the conformal deformations of the 
jet Berwald-Moor Hamiltonian metric of order four is required. Note that a 
similar geometric-physical study for the {t, x)-conformal deformations of the 
jet Berwald-Moor Lagrangian metric of order four is now completely developed 
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in the paper [5]. Also, few elements of distinguished Hamiltonian geometry 
produced by the cotangent quartic Berwald-Moor metric depending of momenta 
are already presented in the paper [T]. 

In such a geometrical and physical context, this paper investigates on the 
dual 1-jet space J^*(K,M^) the Riemann- Hamilton distinguished geometry (to- 
gether with a theoretical-geometric field-like theory) for the {t, x)-conformal 
deformed Berwald-Moor Hamiltonian metric of order fow^ 

H{t,x,p)^2e-^(-^y^J^)[plplplpl]'^\ (1.1) 

where cr(a;) is a smooth non-constant function on M^, /iii(t) is a Riemannian 
metric on R, and {t,x,p) — {t,x^,x^,x^,x'^,p\,pl,pl,p\) are the coordinates 
of the momentum phase space J^*{M., M^); these transform by the rules (the 
Einstein convention of summation is assumed everywhere): 

~ ~ i^T-J dT 

t^t{t), F=F(x^), pI = —-p], (1.2) 

where i,j = 1,4, rank (dx^/dx^) = 4 and dt/dt ^ 0. It is important to note 
that, based on the geometrical ideas promoted by Miron, Hrimiuc, Shimada and 
Sabau in the classical Hamiltonian geometry of cotangent bundles ([6]), together 
with those used by Atanasiu, Neagu and Oana in the geometry of dual 1-jet 
spaces, the differential geometry (in the sense of d-connections, d-torsions, d- 
curvatures, abstract gravitational-like and electromagnetic-like geometrical the- 
ories) produced by a jet Hamiltonian function H : J^*(M.,M'^) — >■ R is now 
completely done in the papers [2], [3], [9] and [10]. In what follows, we apply 
the general geometrical results from |9] and [10] to the square of Hamiltonian 
metric (jl.ip . which is given by (n = 4) 

Hit,x,p) = H'it,x,p) ^ 4e-'^<^^^h,iit) [p\plp\p\f\ (1.3) 

Remark 1.1 The momentum Hamiltonian metric is exactly the natural 

Hamiltonian attached to the square of the jet Berwald-Moor Lagrangian metric, 
which has the expression 

l{t,x,y)^e'^('^^h''(t)[y\ylylyt]''\ (1.4) 
In other words^ we have 

H{t,x,p) ^ply{ - L{t,x,y), 

* 

where pj = dL/dy\. Note that the jet Lagrangian metric \1.4^ is even the square 

of the conformal deformed jet quartic Berwald-Moor Finslerian metric 

F{t,x,y) = e^^^^VhW)[ylylylytf"- 

In other words, we have L — . 

^We assume that we have P1P2P3P4 > 0. This is one domain where we can p-differentiate 
the Hamiltonian function H{t,x,p). 
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2 The canonical nonlinear connection 

Using the notation T'lm p\P2P\p\ ^-i^d taking into account that we have 

g-piiii piiii 

then the fundamental metrical d-tensor produced by the metric (|1.3p is given 
by the formula (no sum by i or j) 

iiMJgH^. --" a- 2^'^) IP-;-]"- . ,,,, 

2 dpldp^j 2 

Moreover, the matrix g — (g*-') admits the inverse g^^ — {gjjS), whose entries 
are given by 

9jk = y-^ p]Pk (no sum by j or fc). (2.2) 

Let us consider the ChristofFel symbol of the Riemannian metric hii(t) on 
IR, which is given by 

1 _ /i" dhn 

where h^^ = l/Zin > 0. Then, using the notation o-^ := da/dx^, we find the 
following geometrical result: 

Proposition 2.1 For the {t,x)-conformal deformed Berwald-Moor Hamilto- 
nian metric of order four lll.3\) . the canonical nonlinear connection on the 

dual l-jet space J^*(M., M"^) has the components 

^ = (^(')i = ■^11^'- ^(X = -4^*?''%) • (2-3) 

Proof. The canonical nonlinear connection produced by H on the dual l-jet 
space J^*(R, Af^) has the following components (see jSJ): '^—^iiPi and 
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r + 9ik o, ic. 1 + 9jk' 



dx^ dp\ dpi. dx^ ^ dxWp\, dx'^dp]. 
Now, by a direct calculation, we obtain 



3 The Cartan canonical A^-linear connection. Its 
d-torsions and d-curvatures 

The nonlinear connection (|2.3p produces the dual adapted bases of d-vector 
fields (no sum by i) 
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and d-covector fields (no sum by i) 

{dt ; dx' ; Spl = dp] + Kl^pjdt ~ Aa^pldx^] C X*{E*), (3.2) 

where E* = J^*(R, M^). The naturalness of the geometrical adapted bases (13.11) 
and (|3.2I) is coming from the fact that, via a transformation of coordinates (|1.2p . 
their elements transform as the classical tensors. Therefore, the description of 
all subsequent geometrical objects on the dual 1-jet space J^*(]R, M^) (e.g., the 
Cartan canonical linear connection, its torsion and curvature etc.) will be done 
in local adapted components. Consequently, by direct computations, we obtain 
the following geometrical result: 

Proposition 3.1 The Cartan canonical N-linear connection produced by the 
{t,x)-conformal deformed Berwald-Moor Hamiltonian metric of order four U.3\) 
has the following adapted local components (no sum by i, j or k): 



CT{N) 



where 



-jk _ 



51 cl 



PjPI 



1 - 26^'' - 25i - 25* 



(3.3) 



1 

8' 

1 

' -8' 
3 
8' 



j i^k^i 
i = j ^ k or i — k ^ j or j — k ^ i 
i= j = k. 



Proof. The adapted components of the Cartan canonical connection are given 
by the formulas (see [5]), 



de_f g 



2 St 



= 0, 



^j{k)def gir 




= 4(5} (5^. cr,. 



dpi ■ 



Using the derivative operators (|3.ip . the direct calculations lead us to the 
required results. ■ 

Remark 3.2 It is important to note that the vertical d-tensor C'^l^j also has 
the properties (sum by m): 



c 



^iil) Pm 



0, o 



m(l) 



0, c- 



i(l)\m 



0, 



(3.4) 



whe 



sc: 



Mk) 



l{k) rfe/ "^t(l) 
~ Sx3 



/^'■Cs) 717-/ 



r^Kr) Tfk 
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Proposition 3.3 The Cartan canonical connection of the {t,x)-conformal de- 
formed Berwald-Moor Hamiltonian metric of order four \1.3\) has two effective 
local torsion d-tensors: 



{r)ij - -^"iJKFi'^ir Fj^jr), ^ — v-j 11' 



where ai 



Proof. A Cartan canonical connection on the dual 1-jet space J^*(R, M^) 
generally has six effective local d-tensors of torsion (for more details, see [2]). 
For the particular Cartan canonical connection (I3.3P these reduce only to two 
(the other four are zero): 

p(l) de_f 2 _ 2 pr(i) def r(j) 

~ Sx^ Sx^ ' '(1) " ^(1) ■ 



Proposition 3.4 The Cartan canonical connection of the {t,x)-conformal de- 
formed Berwald-Moor Hamiltonian metric of order four ll.3\) has three effective 
local curvature d-tensors: 

ar^Kj) p,rii(k) 

Mm de_f ^'-^i(l) _ ""^iW . ^rU)rAk) _ r^r{k)^l{j) 
'^^(1)(1) ~ dpi dp] ■^^Kl)^'-(l) ^^(l)'-'r{l)■ 

Proof. A Cartan canonical connection on the dual 1-jet space J^*(R, M''') 
generally has five effective local d-tensors of curvature (for all details, see [H])- 
For the particular Cartan canonical connection (I3.3P these reduce only to three 
(the other two are zero). These are and 

; def SHlj ^ SH\^. rjr ttI _ Tjr ttI , r^'W p(l) 

~ Sx'^ Sxi '■fe + '-'i(l)-"(r)j/c' 

pi (fc) def dHjj ^ ,(^) (fc) _ _^Hk) 

~ dpi ^'(1)15 '^'"''(i)^('-b(i) ~ 



where 



p(l) (fe) _ 2 ^'^^ r,fe 
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4 From (t, a: )- confer mal defermations of the quar- 
tic Berwald-Moor Hamiltonian metric to field- 
like geometrical models 

4.1 Momentum gravitational-like geometrical model 

The (t, a;)-conformal deformed Berwald-Moor Hamiltonian metric of order 
four (|1.3|) produces on the momentum phase space J^*{M.,M'^) the adapted 
metrical d-tensor (sum by i and j) 

G = hiidt ®dt + g^jdx'- dx' + hng'-^Sp] (g) (5pj, (4.1) 

where g^^. and g'^^ are given by (j2.2p and (j2.ip . and we have (no sum by i) 5p\ = 
dp\-\-¥\ip\dt — A<Jip\dx^ . We believe that, from a physical point of view, the 
metrical d-tensor (14.11) may be regarded as a "gravitational potential depending 
on momenta". In our abstract geometric- physical approach, one postulates that 
the momentum gravitational potential G is governed by the geometrical Einstein 
equations 

Ric {CT{N)) - ^£i£E(^(G =/CT, (4.2) 

where 

• Ric {CT{N)) is the Ricci d-tensor associated to the Cartan canonical 
linear connection p.Sp : the Cartan canonical linear connection plays in 
our geometric-physical theory the same role as the Levi-Civita connection 
in the classical Riemannian theory of gravity; 

• Sc {CT{N)) is the scalar curvature; 

• /C is the Einstein constant and T is an intrinsic momentum stress- energy 
d-tensor of matter. 



Therefore, using the adapted basis of vector fields (|3.ip . we can locally de- 
scribe the global geometrical Einstein equations (|4.2p . Consequently, some di- 
rect computations lead to: 

Lemma 4.1 The Ricci tensor of the Cartan canonical connection of the {t, x)- 
conformal deformed Berwald-Moor Hamiltonian metric of order four U.3\) has 
the following two effective local Ricci d-tensors (no sum by i, j, k or I): 

{p^ p^ 
-2a,j T'^jk iCTji, i^j, = {1,2,3,4} 

Pk Pi 
0, t = J, (4.3) 

_ „c.W(j) _ 4(5'^ - 1 1 

^(1)(1) - '^(1)(1) - g plpl- 
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Proof. Generally, the Ricci tensor of a Cartan canonical connection Cr(A'') 
(produced by an arbitrary momentum Hamiltonian function) is determined by 
six effective local Ricci d-tensors (for more details, see [IH])- For the particular 
Cartan canonical connection (|3.3I) these reduce only to two (the other four are 
zero), where (sum by r and m): 

n <^±f pm _ ij_ _ ^^irn . rrr TTm _ rrr rrm , /^'"('•) 

o(i)(3) dej ^i(j)(m) _ _ ni(l) r(j) ^i(ni) _ ^r{m)^i{j) __ 

'^(1)(1) - '^m(l)(l) - Q^l^ Qpl +^m{l)^r(l) W(l) " 

dpi +^™(1)W(1)- 



Lemma 4.2 The scalar curvature of the Cartan canonical connection of the 
{t, x)-conformal deformed Berwald-Moor Hamiltonian metric of order four hl.S^] 
has the value 

Sc (CT(iV)) - -4e-2- _ 3^iig2a [^iiii] -1/2 ^ 

where 

_ (712 CTia 0-14 (723 0'24 ^34 

^11 — H j-^- H H H H —■ 

P1P2 P1P3 P1P4 P2P3 P2P4 P3P4 

Proof. The scalar curvature of the Cartan canonical connection p.3p is given 
by the general formula 

Sc {CTiN))=g^^R,,-h'%sl';>l^y 

■ 

The local description in the adapted basis of vector fields p.ip of the global 
geometrical Einstein equations (I4.2p leads us to 

Proposition 4.3 The geometrical Einstein-like equations produced by the 
(t,x)-conformal deformed Berwald-Moor Hamiltonian metric of order four U.3\) 
are locally described by 

= Th, = T,:i, O^Tg,, 
n _ np («) n — T n — T*-*-* 
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Corollary 4.4 The momenf,um, stress-energy d-tensor of matter T satisfies the 
following geometrical conservation- like laws (sum by m): 



(1) |(m) 
1/1 ""llm '"(m)ll(l) 







tI _i_ TT^'i _i_ T^"'"-' K^'^'') 



(1)/1 + ^ (l)|m + ^(m)(l)l(l) 



[P 



la r-75llll 



1/2 



p1 



where (sum. by r): 



^(1)1 



''i^ *mrTr^. = ._ ^-1 . [^mr^^. ^ | 2e-2a [pllllj 1/2 5.^^^ 



11111 



-1/2 



™(1) def ,11* ^(r) _ „ ^l(i) de/ ^ (i) _ qpmW de/ *TOrTr (») 



(m)i 



(1) 



^l(l) 



(1) 



r(l) 



T 



(l)(i) de/ ii» 



/jllg2a 



(m)(l) 



11^2(7 r-r>lllll -1/2 



- + 



/^iig2<x [piiii] -v:^ 2e-2'^ [piiii] Sii 



4/C 



+ 



and we also have (summation by m and r, but no sum by i) 



= ^+T1k1i-T1k1i = 



, , AT™ 
Tm _J 1 I TPi" FT"" 



(1) |(m) dg ^^(m)l _ ™(1) „r(m) _ ^ ^ (m)l 
Mll(l) a^l^ ^r)l^m(l) Qpl^ ' 



^i/1 — + J^jl^ll J^r^il — +^il^ll> 

, , AT™ (5E"* 



8 



np(l) |(m) dej "^(m)^ _ „(1) ^r(m) _ ^(1) ^r(m) 
^(m)il(l) - ^pl^ -^(r)i'-"m(l) ^(m)r'-'j(l) ' 

rnpl(i) rTp™(«) 
Tpl(i) deJ (1) ^l(r) ™m(-0 ^l/ (1) , ,npm(») , .T*W „ 

^ (1)/1 - (l)^rl> - (i)Cr,„ + 41 (^^CTi, 

Qip(l)(«) 

|(m) deJ ^^(m)(l) _ ™(l)(j) „r(m) , Tp(l)(r) ^»(m) 
\m)(l)l(l) - \r)(l)'-'m(l) + Vm)(l)W(l) ■ 

Proof. The local Einstein equations (|4.4p , together with some direct computa- 
tions, lead us to what we were looking for. ■ 

4.2 Momentum electromagnetic-like geometrical model 

In the paper jlO) . a geometrical theory for an electromagnetism depending 
on momenta was also created, using only a given Hamiltonian function H on 
the momentum phase space J^*(IR, M*). In the background of the jet momen- 
tum Hamiltonian geometry from this paper, we work with the electromagnetic 
distinguished 2-form (sum by i and j) 

where (sum by r and m) 



9 q{r)z - 9 q(r)j + [9 ^rt " 9 ^rj ) Pm 



The above electromagnetic components depending on momenta are character- 
ized by some natural geometrical Maxwell-like equations (for more details, see 
Oana and Neagu [9]. [lO]). 

By a direct calculation, we see that the {t, a;)-conformal deformed Berwald- 
Moor Hamiltonian metric of order four (jl.3p produces null momentum electro- 
magnetic components: ^(I'jj = 0. Consequently, our dual jet (i, x)-conformal 
deformed Berwald-Moor Hamiltonian geometrical electromagnetic theory is triv- 
ial one. Probably, this fact suggests that the dual jet {t, a;)-conformal deformed 
Berwald-Moor Hamiltonian structure (II. 3p has rather gravitational connotations 
than electromagnetic ones on the momentum phase space J^*(M, A/''). 

Acknowledgements. The authors of this paper thank to Professors Gh. 
Atanasiu and D.G. Pavlov for their encouragements and the useful discussions 
on the Berwald-Moor research topic. 
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